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Local Analytical Solution for Compressible
Turbulent Boundary Layers

L. Lakshminarayana*
Indian Institute of Science, Bangalore, India

An approximate local analysis is developed to solve the momentum integral equation, for internal or external,
adiabatic or cooled, two-dimensional and axisymmetric compressible turbulent boundary-layer flows of air,
using the power law for skin friction coefficient. A modified pressure-geometry parameter 8 is defined.
Assuming local constancy for 3, the momentum integral equation is solved analytically. The solution becomes
exact for special cases of flow over a flat plate with arbitrary starting point of turbulent flow and fully developed
flow over a cone. Some numerical examples are constructed to test the accuracy of the approximate local
analysis and it is found that the calculated Stanton number is within about 3% of exact numerical solution.

Nomenclature
C =appears in Eq. (3)
C,  =skin friction coefficient (wall shear stress/ 2 pUl)

@

H =shapefactor,g (1——pu )dy/g —‘i(l—i)dy

0 e*te opeue 4

i =exponent of skin friction law, Eq. (3)

L =length of body; Fig. 1

M =Mach number

O =origin of x axis

r, =normal distance of wall from axis

Re, =Reynolds number based onx, (p.u.X/p,)

Re; =Reynolds number basedon 8, (p.u.0/p.)

St =Stanton number, [wall heat flux/specific heat at
constant pressure X p U (T, —T,)]

t = starting point of turbulent flow, Fig. 1
T =temperature
T, =referencetemperature, Eq. (21)
u = velocity tangential to wall
X =distance measured along body axis
X =defined by Eq. (4)
y =distance measured normal to wall
B =modified pressure-geometry parameter, Eq. (5)
v =ratio of specific heats
o = density
o =has value 0 or 1 respectively for two-dimensional or
axisymmetric bodies
) “ pu u

8 =momentum thickness, S - (I——-—)dy

0 eue ue
P =angle made by wall contour with x axis
m =dynamic viscosity
1) = exponent of viscosity power law
Subscripts
c =cooled wall
e =boundary-layer edge
n =nth point in the interval of integration starting with

point f as 1

o =stagnation
r =recovery
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t =refers to the starting point of turbulent flow
w =wall

o =freestream

ox  =freestream stagnation

Introduction

HE momentum integral equation governing compressible

turbulent boundary layers over two-dimensional and
axisymmetric bodies' is nonlinear and no analytical solution
exists. It is, therefore, usually solved by direct numerical
integration. However, the direct numerical integration
procedures are generally complex. For quick results, it would
be of great value for a designer of aerospace systems to have a
simple solution available in analytical form which, though
approximate, has reasonable accuracy. An attempt is made in
this paper to provide such a simple solution.

This paper contains general integral formulation of
adiabatic or cooled compressible turbulent boundary layers.
A local form of analytical solution is developed and
described. The solution is shown to become exact for two
special cases: boundary layer over a flat plate with arbitrary
starting point of turbulent flow and fully turbulent boundary
layer over a cone. Some numerical examples are solved to test
the accuracy of the method.

Formulation

Consider the flow of air as shown in Fig. 1 in an external or
internal boundary layer over a two-dimensional or axisym-
metric body. The surface is adiabatic or cooled to any
prescribed temperature T.. The flow of interest here is the
fully turbulent portion beyond ¢, the end point of transition.

The governing momentum integral equation' and boun-
dary condition can be written as

do 2-M2+H daM, 1dr
— + e e v 0= (C,/2 &
o T (=) /207 dx T dx 107 (G Dsec .
and

0(x1)=6t (2)

=0 or 1 depending upon whether the body is two-
dimensional or axisymmetric. C, and H are unknowns and the
semiempirical form for the former is chosen to be propor-
tional to power of Rey

C;=C Re; ©)
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Fig. 1 Physical model and coordinate system.’

where C is a function of local properties, { is a constant
usually having a range 0.2 to 0.25. H is also a function of
local flow properties.

Several mathematical models appear in literature for C and
H?** and Spence’s expressions? will be used.

Analysis
Introducing a new independent variable X such that

X=pBx (4)

where,

B(x) =[C secd

+
Pelde Me[1+('y—1)/2M§] dx rwdx ]
I/Z(Cf/c)(l+i)/i

fe { 2-M2+H  dM, ldr}

(Beue
Be

) 5)

The numerator of the second term within the square brackets
is a summation of two parts. The first part characterizes the
pressure variation (through dM,/dx) in the boundary layer.
The second part characterizes the two-dimensional or
axisymmetric geometry of the body. For a flat plate the
second term becomes zero and @ is therefore appropriately
termed hereafter as ‘‘modified pressure-geometry
parameter.’’ Its dimensions are (length)‘.

Assuming § to be constant locally (i.e. derivative of § with
respect to x to be negligible), Eq. (1) with the help of Eq. (3)
reduces locally to

df/dx= 140~ (©6)

This equation is easily integrable for 6 at any point (or
location) » in terms of its solution at the previous point (n—1)
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and is given by

1+1 2
0"_ 1/(i+i) X x” 01+1 17(i+1) 7

Returning to the original variable x, through Eq. (4), and
remembering the assumption that 3 is constant locally, Eq. (7)
becomes

1 2 .
0= (1) UG, (e =y )+ o 051 @)

i+1

Nondimensionalizing 6, and x,, by (g./pcte) 5, 0, ;andx,_,;
by(#e/peue) n—1,00C gC[S

Rep, = (1) 10008, (22 f Re,,
e
Pele [ P,
—(— )n(__e—)n—I'Rex ,1} {(_e )
e peue n g
( He ) }i Re i+17117(G+1) (9)
pette " =1 ‘
Cy, therefore, from Eq. (3), becomes
i+1 oy
€, =Co( 5y g, 2 ke,
Pl He 2 Pelde
— AT )n n— ‘Re }+ P { n
( . )(pee) SRS IR (ue )
Y o
Vo] Regtt e (10
PelUe "

It may be noticed, from Eq. (5), that 8 is a function of C;.
Substituting the value of 3, in Eq. (10) and simplifying yields

Cj _( i )1/(1+1)C1/(1+1)
n

1+
[<1+(L+)(““) { 2-M2+H dM,
1]
pete "M I+ (y=1)/2M?) dx
1 drs,
L e,
ry, dw n
pU He -1
By el ?)”(_——‘)n_[ReX”_]]> [{Rexn
e peue
Pelle e } 2
— (- W (—) - Re, secd, + ——
( e ) (peue) ! n= (1+I)CH
i+ —1/(i+ 1
{ e ) Re 1] an

Replacing Re,,_, interms of Cy, _, from Eq. (3) results in

2 .
C, = l/(l+1)c1/(1+l)
=)

) { 2-M2+H dM,

[(H(H')( M,(I+(yv—1)/2M2) dx

+ 2 ) (Re, - 2 e

Yo iRes, ) !

€
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Pelde
[[Rex ) ( —) ,,ﬁ,Rex”ﬁl} secd,

e

2 {("G“e)n( by,

+
(1+I)C,, Fe Pelde
(Cfn—l ) —(li’-i)/l]] BRI (12)
CnAI

Applying Eq. (12) repeatedly, C; can now be evaluated at
all points n>2. For n=2, Cy, i.e., Cy, is required and is
obtained from Eqgs. (3) and (2).

Exact Special Cases

Flat Plate with Arbitrary Starting Point of Turbulent Flow

For this case, &, = constant=®, [(1/r3) (drs/dx)], =0 and
(dM./dx), =0. Further(peu le) n=(pelte/pe) n— =con-
stant = (o,u,./u.) . The surface is assumed to be isothermal or
adiabatic.

Therefore C,=C,_; =constant=C [see for instance, Eq.
(19)]. Equation (12) hence reduces to :

2
= ( = )1/(1+I)Cl/(1+1) [(Re —Rex,,_l )SCC‘I’

1+i
2 17~y — (1 +i)7iy —ir (L +10)
+ e (13)

Equation (13) can be alternatively expressed as

Cf__( I )l/(l+l Cl/(l+1)[(Re —Re )SCCq)

This can be verified by evaluating C,, and C,, , from Eq.
(14) and on substitution into Eq. (13) which would be iden-
tically satisfied. Further, Eq. (14) satisfies Egs. (1) and (2).
Thus the general local solution, Eq. (12), becomes exact for
flow over a flat plate with the turbulent flow starting at an
arbitrary point x, and having skin friction C,,. This fact is to
be expected because the local constancy approximation used
for the modified pressure-geometry parameter in the general
analysis becomes exact and attains a constant value C(p,u,/
Re) ~isecd.

For fully developed flow, x,=0, 6,=0, C;=o and
Cj, ~U*0/i=0, The skin friction coefficient, from Eq. (14),
assumes

2 . . : . .
Cf= ( I_+l )1/(1+1) CI/(1+1) [ReXSCCQ] — i/ (1 +10) (15)

Fully Turbulent Flow over a Cone

In this case &, =constant=® and [(1/r%) (dr¢/dx)], =1/
Xx,. The flow is assumed to have freestream Mach number
greater than one and the shock wave is assumed attached.
Consequently (dM, /dx), =0and (o U, /pe ) n = (Pethe/ e ) n—;
=constant = (p,u,/pn, ). The surface is assumed isothermal or
adiabatic. C,, =C,_; =constant = C, similar to the case of flat
plate. Equation (12) therefore becomes

_(_ Yil I +i) QLU+ (1+(1+l)(1_R€ - )) y
1+i Re

*n

—i/(i+1)

2 . o
-{(Rexn ~Re,  )sech+ I—HC”'C”’:‘]’)”}] (16)
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Equation (16) can be shown, similar to Eq. (14), as equivalent
to

Cr=[2/(1+i)]/U+D CUU+D [(2 4i) =/ Re,secd] ~/(+D)

a7

which also satisfies Eqs. (1) and (2). Equation (17) is thus
another exact special solution of Eq. (12). 8, as to be ex-
pected, attains a constant value (2 +i) ~/C(p,u,/p.) ~'secd.

It may be noted here, on examining Eqs. (17) and (i5), that
the fully developed cone solution can be obtained from the
fully developed flat plate solution if one replaces Re, by 2+
i) “'Re,. For i=0.2, proposed by Spence,? the multiplication
factor, (2+i) ~/, becomes 0.4545. It is of interest to recall
that Van Driest’ obtained the multiplication factor as 0.5,
very close to the present value, using universal laws derived
from the mixing length hypothesis.

Numerical Examples

In this section three numerical examples are solved using
the previous local analysis and an exact parabolic numerical
technique. ¢ For all the examples i, ¢ and H are taken to be?

i=0.2 . (18)
T et T, 1 . Pobe | _;
C=0.0176(—=) ~1+ai( - —w)i( ) ™!
T, T, ) y—1 Petto
19)
and
T T,—-T
H=—-1+4+25-2 + -~ 20
T, T, (20)
where
Tes=0.5(T,,+T,)+0.22(T,—T,) @

Power law is assumed for viscosity variation with temperature
and w is exponent in the viscosity law whose value is taken to
be 0.76.

Equations (18-21) are applicable for both adiabatic and
cooled walls. T, is wall temperature and is equal to 7, for the
case. of former and T, for the latter. All the three examples
treated are cooled external flows with recovery factor
assumed to be 0.89. Stanton number is evaluated using the
Colburn form of the Reynolds analogy’ which for Prandtl
number 0.71 of air becomes

St=0.6224 C; (22)

and is the basis for comparison of local and numerical
soltuions in Figs. 2-4.

It is appropriate here to comment upon the step size
(x,—x,_;) used while solving the examples to follow. The
values of 3 for all the examples vary rapidly, as will be seen
later, in the region close to the point ¢. A value of 0.1 in. is
therefore used on the blunt portions of wedge and cone and
switched over to 0.5 in. on the remaining portions. The step
size chosen for the cone is also 0.1 in. close to the point ¢.
However, farther away from ¢, the step size used is 0.2 in.

Blunt Wedge

Figure 2 shows schematic diagram and the results for a two-
dimensional cylindrically blunted wedge. The semiwedge
angle is 15° and has a length of 35 in. The radius of cylin-
drical nose is 3 in. The freestream Mach number is 4 and the
freestream stagnation density and temperature are respec-
tively 0.15x 103 1bm/in.? and 1600°R. The starting point
of turbulent flow is assumed at x,=0.7 in. with 6,
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Fig. 2 Schematic diagram and comparison of local, numerical, and
fully developed flat plate solutions of a two-dimensional blunt wedge.
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Fig. 3 Schematic diagram and comparison of local, numerical, and
fully developed cone solutions.

=0.3378x10~? in. The wall temperature is assumed as
540°R. The boundary-layer edge conditions are calculated
using modified Newtonian theory® and isentropic relations. °
As can be observed from the figure, the Stanton number
calculated from the local analysis deviates slightly from that
of the numerical technique. This deviation occurs because the
nondimensional (3/L%%) (or B), also drawn on the same
figure, is not locally constant throughout Re,, as required by
the assumption used in the previous analysis. Based on the
Stanton number of the numerical technique, the maximum
percentage deviation occurs at Re,=0.126 x10¢ and is 2.5.
The deviation, however, is zero at the point ¢. It is because the
Stanton number at the point ¢ is solely determined from Eqgs.
(2, 3, and 22) which are not affected by the local constancy
assumption of 3. When Re, is high, the Stanton number tends
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Fig. 4 Schematic diagram and comparison of local, numerical, and
fully developed cone solutions of an axisymmetric blunt cone.

asymptotically to that over a fully developed flat plate, Egs.
(15) and (22). This has to be so from both physical and
mathematical points of view. For large Re, (or x), the effects

_ of the bluntness, the starting position of turbulent flow, and

the magnitude of momentum thickness at the starting position
of turbulent flow becomes insignificant and the flow behaves
as a fully turbulent one over a flat plate. Mathematically, this
can be explained by observing the behavior of (3/L%?) which
coincides with the fully developed flat plate value. The
magnitude of momentum thickness at cylinder-wedge junc-
tion is different, however, from fully developed flat plate flow
and delays the attainment by the Stanton number of the flat
plate value until Re, is fairly large.

Cone

Figure 3 shows schematic diagram and the results for a
cone. The semiangle is 15° and has a length of 15 in. The flow
considered is supersonic with attached shock wave. The flow
properties are taken to be M, =2, p,=0.55x10 "% Ibm/in. 3,
T,=1000°R, x,=0.7in.,0,=0.1x10 "%in.,and T, = 450°R.

As may be observed from the figure, the Stanton number
curves of local analysis and numerical technique are in-
distinguishable throughout the Re, range except close to the
point ¢. The maximum percentage deviation occurs at Re,
=0.1067 X 107 and is 2.4%. The difference in the calculated
Stanton number is zero at the point ¢ and the explanation
given for the blunt wedge example holds here too. For large
Reynolds numbers, St tends close to fully developed cone
solution, Eqs. (17) and (22). Physically this is expected
because, at large distances from the starting point of the
turbulent flow, the effects of the starting position of turbulent
flow and the magnitude of momentum thickness at the
starting point of turbulent flow gets dampened.
Mathematically this can be explained by looking at the
behavior of (3/L%?) drawn on the same figure. It shows that
the 8 of local analysis becomes constant, a condition for the
solution to be exact, and is indistinguishable from that of the
fully developed cone.

Blunt Cone

Figure 4 shows the schematic diagram and results for blunt
cone. The dimensions of the body are the same as of blunt
wedge described earlier except that in the present case, the
body is an axisymmetric cone with a spherical nose. T, M,
Pow> Toe and x, have exactly the same values as the blunt
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wedge. However the momentum thickness at the transition is
different and has a value of 0.8401x 103 in. Modified
Newtonian theory and isentropic relations are used to obtain
edge conditions.

As may be noted, the Stanton number behavior is similar to
that of the blunt wedge and the maximum deviation of the
local solution from the numerical solution is 1.8%. The Stan-
ton number tends towards the fully developed cone solution as
in the example of the cone discussed earlier when Re, is large.
Physically the explanation is similar to the case of the blunt
wedge i.e., the effects of the bluntness, starting position of
turbulent flow and the magnitude of momentum thickness at
the start of turbulent flow become negligible at large Re,.
Mathematically this is true because, 8/L%?, drawn on the
same figure, is close to that of the fully developed cone value
at large Re,.

Conclusions

An approximate local analytical solution is developed for
external or internal compressible turbulent boundary layers.
The solution becomes ¢xact for a flat plate with an arbitrary
starting point of turbulent flow and for fully developed tur-
bulent cone flow with an attached shock wave. For the
numerical examples calculated, the maximum percentage
deviation between the local solution and the numerical
solutjon is about 3. Since the solution is a simple analytical
one with reasonable accuracy, it can be conveniently used in
design of aerospace systems.
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Spacecraft charging by magnetospheric plasma is a recently identified space hazard that can virtually destroy a spacecraft in
Earth orbit or a space probe in extra terrestrial flight by leading to sudden high-current ¢lectrical discharges during flight.
The most prominent physical consequences of such pulse discharges are electromagnetic induction currents in various on-
board circuit elements and resulting malfunctions of some of them; other consequences include actual material degradation
of components, reducing their effectiveness or making them inoperative.

The problem of eliminating this type of hazard has prompted the development of a specialized field of research into the
possible interactions between a spacecraft and the charged planetary and interplanetary mediums through which its path
takes it. Involved are the physics of the ionized space medium, the processes that lead to potential build-up on the
spacecraft, the various mechanisms of charge leakage that work to reduce the build-up, and some complex electronic
mechanisms in conductors and insulators, and particularly at surfaces exposed to vacuum and to radiation.

As aresult, the research that started several years ago with the immediate engineering goal of eliminating arcing
caused by flight through the charged plasma around Earth has led to a much deeper study of the physics of the planetary
plasma, the nature of electromagnetic interaction, and the electronic processes in currents flowing through various solid
media. The results of this research have a bearing, therefore, on diverse fields of physics and astrophysics, as well as on the
engineering design of spacecraft.
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